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The Dzialoshinskii model of periodi and helioidal strutures has been analyzed without
negleting of the amplitude funtion osillations. The amplitude funtion osillations are shown to
be important for understanding of the nature of the phase funtion. Analyti onsideration is arried
out in the limit of small anisotropy (negleting the osine term in the Hamiltonian). Surprisingly,
the phase jumps survive even in the limit of the vanishing anisotropy.
I. INTRODUCTION
The theory of modulated strutures in marosopi ferromagnets [1℄, ferroeletris [2℄ and metal alloys [3℄ has a
rih history. The number of works dediated to a study of the modulated strutures in small samples is signiantly
less [4℄. The standard approah to the theory of the modulated strutures (inluding the inommensurate ones) uses
the onstant order parameter amplitude funtion approximation [2℄, [5℄. Our onsideration of the bounded sample
(thin lm, in partiular) requires us to drop this approximation: the order parameter must satisfy some boundary
onditions and it is unlikely to nd a solution with onstant order parameter satisfying these onditions. That is why
we have to onsider a generi ase of onneted set of the nonlinear equations for the order parameter amplitude and
phase funtions. We will show here that the solutions of this system are signiantly more ompliated, than in the
onstant order parameter approximation.
II. FREE ENERGY AND THE EQUATIONS FOR THE ORDER PARAMETER FOR A
FERROELECTRIC WITH THE LIFSHITZ INVARIANTS
The Landau free energy funtional reads [5℄:
Φ =
∫
dz
{−r(η21 + η22) + u1(η21 + η22)2 + u2(η21η22)}+
+
∫
dz
{
σ
(
η2
∂η
1
∂z
− η1 ∂η2∂z
)
+ γ
[(
∂η
1
∂z
)2
+
(
∂η
2
∂z
)2]}
, (1)
where η1 and η2 are the order parameter omponents; we onsider only one-dimensional ongurations; parameters
r, σ, u1, u2 and γ are the Landau free energy expansion oeient. Introduing the amplitude and phase variables
η1 = ρ cosϕ, η2 = ρ sinϕ,
we obtain the following expression for the Landau free energy:
Φ =
∫
dz{−rρ2 + uρ4 + wρn(1 + cosnϕ)
−σρ2 ∂ϕ
∂z
+ γ
[(
∂ρ
∂z
)2
+ ρ2
(
∂ϕ
∂z
)2]
}. (2)
Varying the free energy we obtain the equilibrium equations [5℄
− rρ+ 2uρ3 + n
2
wρn−1(1 + cosnϕ) + γρ(
∂ϕ
∂z
)2 −
γ
∂2ρ
∂z2
− σρ∂ϕ
∂z
= 0, (3)
2γρ2
∂2ϕ
∂z2
+ 2γρ
∂ρ
∂z
∂ϕ
∂z
− σρ∂ρ
∂z
+
n
2
wρn sinnϕ = 0. (4)
Here n is an integer number desribing the system symmetry. Now we introdue the dimensionless variables:
ρ =
√
r
2u
R, ξ = z
√
r
γ
,
dR
dz
=
dR
dξ
√
r
γ
,
σ√
γr
= T, u1−
n
2 nwr
n
2
−22−
n
2 = K. (5)
Then the equations (3) and (4) take the form
R′′ −R3 + (1− ϕ′2 + Tϕ′)R−
Rn−1K(cosnϕ+ 1) = 0, (6)
ϕ′′ + 2
R′
R
ϕ′ − R
′
R
T +Rn−2K sinnϕ = 0. (7)
III. APPROXIMATE ANALYTIC SOLUTION
Let us begin from the limit K = 0. Then the equation (7) an be solved:
ϕ′ ≡ ψ = C0
R2
+
T
2
, (8)
where C0 =
[
ψ (0)− T2
]
R (0)
2
is the integration onstant, whih is determined by the initial onditions ψ (0) and
R (0). Now we an substitute this expression for ϕ′ into the equation (6). We obtain in result a losed equation for
the amplitude funtion R :
R′′ −R3 +R(1 + T
2
4
)− C
2
0
R3
= 0. (9)
This equation an be interpreted as a dynamis equation with the eetive potential:
U =
R2
2
(1 +
T 2
4
)− R
4
4
+
C20
2R2
. (10)
An interesting feature of this potential is its dependene on the initial onditions via the onstant C20 . There exists
a domain of parameters, where the potential has a minimum and, therefore, an osillating solution for the amplitude
funtion an take plae. A ondition of the maximum and minimum points merging into the inetion point with the
horizontal derivative U ′ (R) = U ′′ (R) = 0 gives the equation
T 6 + 12T 4 + 48T 2 + 64− 432C20 = 0
However, a presene of a minimum is neessary but not suient ondition: an osillating solution will not exist if
the initial point is situated outside the potential well.
A border line for the domain, where osillating solutions an exist is depited here:
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FIG.1. A border line for the domain, where osillating solutions an exist.
3If we have a solution for the amplitude funtion R(ξ), the phase funtion ϕ(ξ) is given by the equation (8). The
phase funtion onsists from two terms: a slow ontribution stemming from the seond term in (8) and more or less
diused jumps due to the rst term in this equation. It is important that the jump value equals exatly to pi :
The rst integral of 6 reads
dR
dξ
=
√
2(E − U), so dξ = dR√
2(E−U)
.
Notie that the jump value
∫
C0
R2
dξ alulated in the viinity of the R(ξ) minimum equals to
∆ϕ =
∫
C0
R2
dξ =
∫
C0
R2
dR√
2(E−U)
≃ 2 ∫ Re
R0
C0dR
R2
r
2(
C2
0
2R2
0
−
C2
0
2R2
)
=
= 2
∫ Re
R0
dR
R
r
R2
R2
0
−1
= 2 arccos
∣∣R0
Re
∣∣ ≃ pi, (11)
where Re ≫ R0. We have used the rst integral of (9) above. Only leading terms of U(R) were taken into aount.
Note that the model (2), whih an be redued to the sine-Gordon model in the limit of R = const, admits solutions
with jumps exatly equal to ±pi (topologial harge [6℄). However, we have obtained a similar result within the
approximation K = 0, i.e. negleting the osine term in (2)! As it is seen from the formulae 11, these phase jumps
appear due to the exursion of the amplitude funtion near the singularity
C0
R2
.
The equation (9) an be solved analytially, but we will present below numerial solutions both for K = 0 and
K 6= 0.
IV. NUMERICAL SOLUTION FOR K = 0
Some results of alulation of the amplitude and phase funtions spatial dependene for the ase of K = 0 are
presented below. Figures 2  5 and 6  9 dier only by initial values of the amplitude funtion: in the ase of gures 2
 5 we have small initial amplitude funtion and, therefore, osillations of the amplitude funtion are near to harmoni
ones, while in the ase of gures 6  9 the initial amplitude funtion is near to the apex of the hump and, therefore,
we have a train of solitons.
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FIG.2. Eetive potential for n = 4, K = 0, T = 1, R(0) = 0.3, R′(0) = 0, ϕ(0) = 0, ϕ′(0) = 0.3.
Vertial dash marks R(0) value.
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FIG. 3. Spatial dependene of the amplitude funtion for n = 4, K = 0, T = 1, R(0) = 0.3, R′(0) = 0, ϕ(0) = 0,
ϕ′(0) = 0.3
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FIG. 4. Spatial dependene of the phase funtion for n = 4, K = 0, T = 1, R(0) = 0.3, R′(0) = 0, ϕ(0) = 0
(a) thin line ϕ′(0) = 0.3
(b) heavy line ϕ′(0) = 0.7.
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FIG. 5. Amplitude-phase polar diagram for n = 4, K = 0, T = 1, R(0) = 0.3, R′(0) = 0, ϕ(0) = 0
(a) thin line ϕ′(0) = 0.3
(b) heavy line ϕ′(0) = 0.7.
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FIG. 6. Eetive potential for n = 4, K = 0, T = 1, R(0) = 1.099, R′(0) = 0, ϕ(0) = 0, ϕ′(0) = 0.3
Vertial dash marks R(0) value.
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FIG. 7. Spatial dependene of the amplitude funtion for n = 4, K = 0, T = 1, R(0) = 1.099, R′(0) = 0, ϕ(0) = 0,
ϕ′(0) = 0.3
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FIG. 8. Spatial dependene of the phase funtion for n = 4, K = 0, T = 1, R(0) = 1.099, R′(0) = 0, ϕ(0) = 0
(a) thin line ϕ′(0) = 0.3
(b) heavy line ϕ′(0) = 0.7.
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FIG. 9. Amplitude-phase polar diagram for n = 4, K = 0, T = 1, R(0) = 1.099, R′(0) = 0, ϕ(0) = 0
(a) thin line ϕ′(0) = 0.3
(b) heavy line ϕ′(0) = 0.7.
6V. NUMERICAL SOLUTION FOR K
Results of the numerial solution of our equations in the ase of K 6= 0 are presented in the gures 10  15. The
following important distintions from the ase of K = 0 must be mentioned:
(i) The periodiity of the spatial dependene is broken.
(ii) The frequeny and amplitude modulation an be seen in Figs. 10 and 11.
(iii) A diretion of the phase funtion stairase spatial dependene may hange to the opposite after some number
of steps. The number of steps between neighboring diretion hanges is random (see FIG. 15).
(iv) There exists a parameter range, where the trajetories in the polar diagram show losed periodi movement:
a synhronization with the periodi ontribution of the sine of the monotonously inreasing omponent of the phase
funtion takes plae.
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FIG. 10. Spatial dependene of the amplitude funtion for n = 4, K = 1.6, T = 1, R(0) = 0.3, R′(0) = 0, ϕ(0) = 0,
ϕ′(0) = 0.3
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FIG. 11. Spatial dependene of the amplitude funtion for n = 4, K = 1.6, T = 1, R(0) = 0.3, R′(0) = 0, ϕ(0) = 0,
ϕ′(0) = 0.75: thin line
Spatial dependene of the parameter C2 (see below) in arbitrary units: heavy line.
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FIG. 12. Spatial dependene of the phase funtion for n = 4, K = 1.6, T = 1, R(0) = 0.3, R′(0) = 0, ϕ(0) = 0
7(a) thin line ϕ′(0) = 0.3
(b) heavy line ϕ′(0) = 0.75.
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FIG. 13. Amplitude-phase polar diagram for n = 4, K = 1.6, T = 1, R(0) = 0.3, R′(0) = 0, ϕ(0) = 0, ϕ′(0) = 0.3
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FIG. 14. Amplitude-phase polar diagram for n = 4, K = 1.6, T = 1, R(0) = 0.3, R′(0) = 0, ϕ(0) = 0, ϕ′(0) = 0.75
8VI. DISCUSSION
Thus, the main distintions of the solution in the ase of the non-vanishing anisotropy parameter K are a random
hange of the jumps diretion (see FIG. 12) and an amplitude modulation of the amplitude funtion (see FIG. 11).
Just these random diretion hanges lead to the tangled trajetory in polar oordinates presented in FIG 14.
In the ase of K = 0 we introdued the integration onstant C0 (8). Let us introdue the funtion:
C(ξ) =
[
ψ(ξ)− T
2
]
R(ξ)2.
Diret dierentiation shows that this funtion redues to a onstant in the ase of vanishing anisotropy parameter
K:
dC
dξ
= 2R
dR
dξ
[
ψ − T
2
]
+R2
dψ
dξ
=
= R2(2
R′
R
ϕ′ − T R
′
R
+ ϕ′′) =
= R2(−Rn−2K sinnϕ) = −RnK sinnϕ. (12)
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FIG. 15. Spatial dependene of the parameter C for n = 4, K = 1.6, T = 1, R(0) = 0.3, R′(0) = 0,
ϕ(0) = 0, ϕ′(0) = 0.75
(a) thin line C′
(b) heavy line C.
Comparison of FIG. 15 and FIG. 12 onrms that hanges of the diretion take plae in the points where C(ξ)
funtion hanges its sign.
VII. CONCLUSION
We have shown in this paper that the onstant amplitude approximation gives a poor desription of the real piture
of the spatial evolution of the amplitude and phase funtions for the model of the inommensurate ferroeletri with
the Lifshitz invariant.
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